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HODGE COHOMOLOGY OF ÉTALE NORI FINITE VECTOR
BUNDLES
OÀN TRUNG CUONG
Abstrat. Étale Nori nite vetor bundles are those bundles dened by rep-
resentations of a nite étale group sheme in the usual way. In this note we
show that in many ases the dimensions of the Hodge ohomology groups of
suh a vetor bundle and of a twist of it by an automorphism of the ground
eld are the same. This generalizes to the higher rank ase the result of Pink-
Roessler [13, Proposition 3.5℄.
1. Introdution
Let X be a smooth geometrially onneted projetive variety over a perfet eld
k with a k-rational point x ∈ X(k). Let V be a vetor bundle on X . The Hodge
ohomology groups with oeients in V are dened as
HiHdg(X,V ) :=
⊕
j
Hi−j(X,V ⊗OX Ω
j
X/k)
and we set hiHdg(V ) := dimkH
i
Hdg(X,V ). In [13℄, Pink and Roessler showed that
if char(k) = 0 and V = L is a torsion line bundle, that is, L⊗n ≃ OX for some
natural number n then hiHdg(L) = h
i
Hdg(L
⊗a) for a prime to n. They also posed
the following question for the positive harateristi ase (see [13, Conjeture 5.1℄):
Assume that char(k) = p > 0, X is liftable over the ring W2(k) of 2-Witt vetors,
dim(X) 6 p and L is a torsion line bundle of order n on X . Then is it the ase that
hiHdg(L) = h
i
Hdg(L
⊗a) for a prime to n, i ∈ Z? In fat, when (n, p) = 1, Pink and
Roessler showed that the onjeture is true as an easy onsequene of a result of
Deligne-Illusie [3, Lemme 2.9℄. It is also notied in [5, Remark 10℄ that a Riemann-
Roh alulation implies that the question has a positive answer for urves. The
remaining ase is when p divides n and X has the dimension at least 2. As far as
we are aware of, the only result until now is a positive answer of Esnault-Ogus for
n = p and X ordinary.
The aim of this note is to generalize the result of Pink-Roessler to the higher
rank ase. Reall that Nori [12℄ dened a vetor bundle V to be nite if V satis-
es an equality f(V ) ≃ g(V ) for some distint polynomials f, g whose oeients
are non-negative integers. We say a vetor bundle V is Nori nite if it is a sub-
quotient of a nite diret sum of nite vetor bundles. In that ase, by taking
diret sums, tensors, duals, subquotients, V generates a neutral Tannaka ategory
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(see [12, Chapter 1, Proposition 3.7℄). Due to a well-known theorem of Saavedra,
this ategory together with the ber funtor x is equivalent to the representation
ategory Repk(G) of the nite group sheme G of tensor automorphisms of the
ber funtor x, together with the ber funtor obtained as the forgetful funtor
Repk(G) → Vectk. G is alled the Tannaka group sheme of V . Torsion line bun-
dles are exatly Nori nite vetor bundles of rank 1, and the Tannaka group sheme
is µn where n is the torsion order. The ondition n being prime to p is equiv-
alent to the underlying Tannaka group sheme being étale. In the present note
we onsider only Nori nite vetor bundle with an étale Tannaka group sheme.
The étale assumption is always satised in harateristi zero due to a result of
Cartier (see [17, 11.4℄) and the ategory generated by a Nori nite vetor bundle
is always semi-simple. The situation is more ompliated in harateristi p > 0.
For higher rank Nori nite vetor bundles, from Artin-Shreier theory it is known
that the Tannaka group sheme G an be a p-group sheme and still étale. How-
ever, in this ase the ategory Repk(G) is no longer semi-simple, this auses a lot
of diulties in studying the orresponding bundle. Now assume G is étale and k
is algebraially losed. The ategory Repk(G) is equivalent to the representation
ategory Repk(G(k)) of the abstrat group G(k) whih arries a natural ation of
Aut(k). Let ρ : G(k)→ GLr(k), r = rank(V ), be the representation orresponding
to V and σ ∈ Aut(k). We denote the vetor bundle orresponding to σ ◦ ρ by Vσ.
If V is a line bundle then Vσ is just a power of V . The following question is a
generalization of Pink-Roessler's problem for higher rank vetor bundles.
Question 1. When char(k) = p > 0, we assume in addition that X is liftable over
the ring W2(k) of 2-Witt vetors on k and dim(X) 6 p. For char(k) > 0, is it true
that hiHdg(V ) = h
i
Hdg(Vσ)?
In this note we give a positive answer to Question 1 in ertain ases. When
char(k) = p > 0, one is able to give a bound for the Hodge numbers of every
Frobenius pullbak of a Nori nite vetor bundle V . Consequently, any pullbak of
V by a big enough power of the Frobenius always satises the equality in Question
1 (Proposition 2.4 and Corollary 2.5). As an appliation, we get an answer to
Question 1 if in addition the assoiated representation ρ is realizable over a nite
eld, that is, if it is onjugated over k to a representation onGLr(Fq) for some power
q of p. This allows us to give an algebrai proof for a positive answer for Question
1 in harateristi zero (Proposition 2.11). Note that this has been handled before
by Sauter [14, Satz 4.2.1℄. In fat she gave two proofs generalizing the proofs for
torsion line bundles of Pink-Roessler and Esnault, both rely on the omparison
theorem between de Rham ohomology and Betti ohomology. In the proofs of
the results above we use impliitly properties of Frobenius periodi vetor bundles,
that is, those bundles invariant under the ation of some power of the Frobenius.
Further properties of these bundles are explored in the seond part of the note. The
main result is a haraterization of Frobenius periodiity in terms of the rationality
of the assoiated representation of the monodromy group (Proposition 3.5). This
haraterization is then used to relate the existene of a lass of Frobenius periodi
vetor bundles with the existene of p-quotients of the fundamental group of the
variety (Proposition 3.7).
Aknowledgments. I thank Kay Rülling for the simple proof of Lemma 3.4 and
other useful disussions. Hélène Esnault brought to the author the main question
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areful explanation. I am deeply grateful to her and to Phùng H Hai for many
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Esnault for allowing me to present her result as Proposition 2.4 in this note.
2. Hodge ohomology of étale vetor bundles
Let k be a perfet eld and X be a geometrially onneted projetive variety
over k with a k-rational point x ∈ X(k). Nori in [12, page 80, Denition℄ dened
a vetor bundle V to be nite if there are two distint polynomials f, g whose
oeients are non-negative integers suh that f(V ) ≃ g(V ) as vetor bundles.
We will say a vetor bundle V is Nori nite if it is a subquotient of a nite diret
sum of nite vetor bundles. We denote still by x the ber funtor at the point x
from the ategory of oherent sheaves on X to the ategory of k-vetor spaes. If
V is a Nori nite vetor bundle, Nori proved that by taking diret sums, tensors,
duals, subquotients, V generates a k-linear abelian rigid tensor ategory (see [12,
Chapter 1, Proposition 3.7℄). Let (V, x) be the pair onsisting of this ategory and
the ber funtor restrited on it, then by a well-known theorem of Saavedra, (V, x)
is equivalent to the representation ategory Repk(G) of a nite group sheme G
together with the forgetful funtor Repk(G) → Vectk. This is alled the Tannaka
duality and G is alled the Tannaka group sheme of V . For more on Nori nite
vetor bundles and Tannaka duality we refer to [12, 4℄.
Denition 2.1. A vetor bundle V on X is alled étale Nori nite if it is Nori
nite and the Tannaka group sheme is étale.
Remark 2.2. (i) We say that a vetor bundle V is étale trivializable if there is an
étale overing pi : Y −→ X suh that pi∗V is a trivial bundle. Following Nori [12,
Chapter 1℄ (see also [4, Setion 2℄), V is étale Nori nite if and only if it is étale
trivializable.
(ii) Assume that V is an étale Nori nite vetor bundle with the étale Tannaka
group sheme G. Let V1 be a subquotient of V . Then V1 is a Nori nite vetor
bundle whih is an objet of the ategory (V, x) and (V1, x) is a subategory of
(V, x). Via Tannaka duality, (V1, x) denes also a nite group sheme G1 whih
is in fat a quotient of G (see, for example, [12, Appendix, Proposition 5℄). In
partiular, G1 is étale and V1 is étale Nori nite.
We rst note that the étale assumption on G in Question 1 is neessary, without
this restrition the onlusion in Question 1 should be at the opposite side as the
following example shows.
Example 2.3. Let X be a super singular ellipti urve over a eld k of har-
ateristi p > 0. Let FX be the Frobenius on X , then the indued map F
∗
X :
H1(X,OX) −→ H
1(X,OX) vanishes [8, page 332℄. Let 0 6= α ∈ Ext
1
OX
(OX ,OX) ≃
H1(X,OX) be a ohomology lass of an extension V of OX by itself. Sine F
∗
X(α) =
0, the sequene 0 −→ OX −→ F
∗
XV −→ OX −→ 0 splits. It is proved by Mehta-
Subramanian [10, Setion 2℄ that V is Nori nite with a nite loal group sheme. It
is easy to show that the non-splitting of the sequene 0 −→ OX −→ V −→ OX −→ 0
implies (in fat, is equivalent to) dimkH
0(X,V ) = dimkH
0(X,OX) = 1 and
dimkH
0(X,F ∗XV ) = 2 dimkH
0(X,OX) = 2. Therefore, h
0
Hdg(V ) < h
0
Hdg(F
∗
XV ).
In positive harateristi, the most emphasized automorphism in Question 1
is σ = Fn a power of the Frobenius of k. In that ase, it is easy to see that
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Vσ ≃ (F
n
X)
∗V where FX is the Frobenius morphism of X . The rst attempt to
answer Question 1 is the following proposition due to Esnault, we thank her for
allowing us to present it in this note.
Proposition 2.4. Let k be an algebraially losed eld of harateristi p > 0 and
X be a geometrially onneted projetive variety over k. Let V be an étale Nori
nite vetor bundle on X. The set {hiHdg((F
n
X)
∗V ) : i ∈ Z, n > 0} is nite.
Proof. It sues to show that for eah 0 6 i 6 dim(X), there is a onstant bounding
above hiHdg((F
n
X)
∗V ) for all n > 0. Fix a k-rational point of X . We know by
Remark 2.2(i) that there is an étale overing pi : Y −→ X whih trivializes V , that
is, pi∗V ≃ O⊕rY , r = rank(V ). One gets a short exat sequene
0 −→ V −→ pi∗O
⊕r
Y −→ V1 −→ 0.
Sine pi∗OY is étale Nori nite, V1 is also étale Nori nite by Remark 2.2(ii). Note
that (FX)
∗(pi∗OY ) ≃ pi∗OY . Hene by twisting the sequene with Ω
1
X/k, one obtains
hiHdg((F
n
X)
∗V ) 6 rhiHdg(pi∗OY ) + h
i−1
Hdg((F
n
X)
∗V1), for all n > 0.
Using indution on i, the right hand side is bounded above by a onstant not
depending on n, therefore hiHdg((F
n
X)
∗V ) is bounded above by a onstant. 
By the proof of [3, Lemme 2.9℄ (see [6, Lemma 11.1℄ for a preise statement),
for eah i 6 p the sequene {hiHdg((F
n
X)
∗V )}∞n=0 does not derease. So we get
immediately the following onsequene of Proposition 2.4.
Corollary 2.5. Let X be a geometrially onneted projetive variety over an alge-
braially losed eld k of harateristi p > 0. Let V be an étale Nori nite vetor
bundle on X. For eah i 6 p, hiHdg((F
n
X)
∗V ) is a onstant for n≫ 0.
Denition 2.6. Let H be a group and ρ : H −→ GLr(k) be a representation of
H . Let k0 ⊆ k be a subeld. We say that ρ is realizable over k0 if it is onjugated
over k to a representation ρ0 : H −→ GLr(k0), that is, ρ ≃ ρ0 ⊗k0 k.
Let V be an étale Nori nite vetor bundle with a nite étale group sheme G.
Over the algebraially losed eld k, the representation ategory of G is equivalent
to the representation ategory of the abstrat group G(k). Let ρ : G(k) −→ GLr(k)
be the assoiated representation of V . For eah σ ∈ Aut(k), denote by Vσ the vetor
bundle assoiated to the representation σ◦ρ. In the next proposition, we show that
if ρ is realizable over a nite eld then V satises the equality in Question 1.
Proposition 2.7. Assume in addition that X is smooth and liftable to the ring
W2(k) of 2-Witt vetors over k. Let σ ∈ Aut(k). If ρ is realizable over Fp then
hiHdg(V ) = h
i
Hdg(Vσ), for all i ≤ p.
In partiular, the equality holds for all i ∈ Z if dimX ≤ p.
Proof. Let F ∈ Aut(k) be the Frobenius homomorphism. Assume that ρ is on-
jugated to a representation ρ0 : G(k) −→ GLr(Fp). Then σ ◦ ρ is onjugated to
σ ◦ ρ0. Moreover, from the Galois theory σ |Fp= F
n
is a power of the Frobenius for
some n > 0. Hene σ ◦ ρ0 = F
n ◦ ρ0 and we an replae σ by F
n
. It then sues
to prove
hiHdg(V ) = H
i
Hdg((F
n
X)
∗V ), for all i ≤ p.
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In fat, ρ is realizable over a nite eld FpN for some N > 0. Thus F
N ◦ ρ = ρ and
(FNX )
∗V ≃ V . Now the onlusion follows from Corollary 2.5. 
Corollary 2.8. Keep the assumptions in Proposition 2.7. Assume in addition that
G(k) has order prime to p. Then hiHdg(V ) = h
i
Hdg(Vσ), for all i ≤ p.
Proof. Sine the order of G(k) is prime to p, all representations of G(k) are realiz-
able over Fp and the assertion is from Proposition 2.7. 
In the ase of harateristi zero, Sauter in [14, Satz 4.2.1℄ gave an armative an-
swer to Question 1 by using the omparison theorem between de Rham ohomology
and Betti ohomology. Using Proposition 2.7, in the rest of this setion we give an
algebrai proof for this fat. We rst reall Brauer's theory of deomposition map
in representation theory of nite groups. Let A be a Dedekind domain with the
eld of frations K of harateristi zero and a residue eld k of char(k) = p > 0.
Assume that G is a nite group sheme over SpecA whose Hopf algebra A[G] is
a nitely generated projetive A-module. Let GK and Gk denote respetively the
generi ber and the speial ber ofG at k. Assume in addition that Gk is étale. Let
RepK(GK) (resp. Repk(Gk)) be the ategory of nite dimensional representations
of GK (resp. Gk) over K (resp. k) and R(GK) (resp. R(Gk)) the orresponding
Grothendiek group. By taking nite extensions of the elds if neessary, we an
assume that K and k are big enough and GK and Gk are dened by the abstrat
groups GK(K) and Gk(k), that means, Gal(K) and Gal(k) at trivially on GK(K)
and Gk(k) respetively (see [17, 6.4℄). If we denote by R(GK(K)) and R(Gk(k))
the Grothendiek groups of the representation ategories of GK(K) and Gk(k) over
K and k respetively, we have R(GK) ≃ R(GK(K)) and R(Gk) ≃ R(Gk(k)). In
the theory of representations of nite groups, it is well-known that there is a ring
epimorphism d : R(GK(K)) −→ R(Gk(k)) whih is alled the deomposition map
and is onstruted as follows (see [15, Theorem 33℄). Let [V ] ∈ R(GK(K)). Let V0
be an A-lattie of V , that is, V0 is a nitely generated A-submodule of V and V0
generates V as a K-vetor spae. Replaing V0 by the sum of its image under the
ations of the elements of GK(K), we assume that V0 is stable under the ation of
GK(K). Hene V0 ⊗A k is a Gk(k)-module. From V one an get dierent V0 ⊗A k
(even non-isomorphi) by hoosing dierent V0, but we get the same equivalent
lass [V0⊗A k] ∈ R(Gk(k)). This denes the map d : R(GK(K)) −→ R(Gk(k)). We
reord some properties of this map in [15℄.
Lemma 2.9. [15, Theorem 33 and Proposition 43℄ The map d : R(GK) −→ R(Gk)
is a ring epimorphism. Moreover, if the order of GK(K) is prime to p, d is an
isomorphism.
On RepK(GK(K)) and Repk(Gk(k)) there are natural ations of Aut(K) and
Aut(k) whih indue ations on the Grothendiek groups R(GK) ≃ R(GK(K)) and
R(Gk) ≃ R(Gk(k)). The next lemma relates the ation of Aut(K) on R(Gk) via
the deomposition map with the ation of the Frobenius homomorphism on R(Gk).
Lemma 2.10. Let n = dimK K[GK ] and ξ ∈ A be a primitive n-th root of unity.
Let σ ∈ Aut(K) and write σ(ξ) = ξa. Assume that p≫ 0 and p ≡ a mod n. Then
the ation of σ on R(GK) via the deomposition map oinides with the ation of
the Frobenius homomorphism F of k, that is, d ◦ σ = F ◦ d.
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Proof. The assumption implies GK(K) ≃ Gk(k), we denote this group by G0. Let
ρ : G0 −→ GLr(K) be a group homomorphism. Following [15, Theorem 24℄, ρ is
realizable over Q(ξ), that is, there is a representation ρ0 : G0 −→ GLr(Q(ξ)) suh
that ρ = ρ0 ⊗Q(ξ) K. Fix a basis e1, . . . , er of the vetor spae Q(ξ)
r
and denote
V0 =
∑
g∈G0
r∑
i=1
g(ei)Z[ξ].
V0 is stable under the ation of G0 and by taking modulo p, one obtains a repre-
sentation ρ¯0 : G0 −→ GLr(Fp(ξ)). Similarly, from the representation σ ◦ ρ, we get
a lattie (V0)σ whih indues a representation σ ◦ ρ0. Put ρ¯ = ρ¯0 ⊗Fp(ξ) k. Clearly
d([ρ]) = [ρ¯]. On the other hand, from the assumption on p, σ ◦ ρ0 = F ◦ ρ¯0 where F
is the Frobenius homomorphism of k. Therefore, d ◦ σ([ρ]) = d([σ ◦ ρ]) = [F ◦ ρ¯0] =
F ◦ d([ρ]). 
Turning bak to étale vetor bundles. Assume that K is an algebraially losed
eld of harateristi zero. Let X be a onneted smooth projetive variety over
K and V be a Nori nite vetor bundle on X . By Tannaka duality, V orresponds
to a representation of a nite group sheme G whih is always étale by a result
of Cartier (see [17, 11.4℄). Sine RepK(G) is equivalent to RepK G(K), there is
a representation ρ : G(K) −→ GLr(K) orresponding to V through these equiva-
lenes. For eah automorphism σ ∈ Aut(K), we denote by Vσ the vetor bundle
orresponding to the representation σ ◦ ρ. With these assumptions, we have.
Proposition 2.11. [14, Satz 4.2.1℄ hiHdg(V ) = h
i
Hdg(Vσ) for all i ∈ Z, σ ∈ Aut(K).
Proof. By a standard argument in algebrai geometry, there is a subeld K0 ⊂ K
whih is a nite (possibly transendental) extension of Q suh that X,V,G have
models over K0 (see [3, Proof of Théorème 2.1℄). There is an open subset SpecA ⊂
SpecOK0 suh that SpecA/ SpecZ is smooth and there are smooth models X,G
dening over SpecA whose generi bers areX,G respetively. Moreover, loalizing
A if neessary, we an assume that the A-modules HiHdg(X,V) are loally free of
onstant rank over A, where V is a model of V on X/ Spec(A) and we denote
this rank by hiHdg(V) too, (see [11, Setion II.5℄ or [8, Setion III.12℄). Due to
Dirihlet's theorem on arithmeti progressions, there are innitely many prime
numbers p suh that p ≡ a mod n. Let p be suh a prime suh that p is not
invertible in A. Loalizing the ring A at a minimal prime ideal ontaining pA, we
get a 1-dimensional regular loal ring A0. Note that A0 and A have the same eld
of frations K0 and the residue eld k of A0 is of harateristi p. Further more,
by base hange one gets hiHdg(V ) = h
i
Hdg(V) = h
i
Hdg(V ⊗A K0) and h
i
Hdg(V) =
hiHdg(V ⊗A A0) = h
i
Hdg(V ⊗A k), for all i ∈ Z (see [11, Setion II.5℄ or [8, Setion
III.12℄). So we an assume from the beginning that A is a disrete valuation ring
with the residue eld k of harateristi p≫ 0. Denote the bers of X,V,G at p by
Xk, Vk, Gk. Sine p≫ 0, we an assume also Gk is étale over k.
With the notations before Lemma 2.9, there is a deomposition map d : R(GK) −→
R(Gk) (we use freely a nite extension ofK0 if neessary) whih is in fat an isomor-
phism. Let ρ¯ : Gk −→ GLr(k) be the representation dening Vk, then d([ρ]) = [ρ¯].
Let F and FXk be the Frobenius morphisms on k andXk respetively. Using Lemma
2.10, we obtain d([σ ◦ ρ]) = [F ◦ ρ¯]. By the hoie of p, the ategory Repk Gk is
semi-simple. Combining these fats we see that F ∗XkVk is isomorphi to the ber
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at p of Vσ. Therefore, from Corollary 2.8 we obtain
hiHdg(V ) = h
i
Hdg(Vk) = h
i
Hdg((Vσ)k) = h
i
Hdg(Vσ),
for all i ∈ Z. 
Remark 2.12. (i) It should be noted that the answer to Question 1 is always positive
at the zero level. Indeed, let V be an étale Nori nite vetor bundle and ρ : G(k) −→
GLr(k) be the assoiated representation of V . One gets
h0Hdg(V ) = dimk HomOX (OX , V ) = dimk HomG(k)(k, ρ) = dimk(k
r)ρ,
where in HomG(k)(k, ρ), k is the trivial representation and (k
r)ρ is the invariant
subspae of kr under ρ. Clearly, (kr)ρ ≃ (kr)σ◦ρ for any σ ∈ Aut(k). So, h0Hdg(V ) =
h0Hdg(Vσ).
(ii) Using (i), the Riemann-Roh theorem on urves allow to give a omplete answer
to Question 1 for this ase: If X is a smooth urve over k = k¯ of any harateristi
and V is an étale Nori nite vetor bundle on X , then hiHdg(V ) = h
i
Hdg(Vσ) for all
i ∈ Z and σ ∈ Aut(k). Let Vˇ be the dual vetor bundle of V , one has h0Hdg(V ) =
h0Hdg(Vσ) and h
2
Hdg(V ) = h
0
Hdg(Vˇ ) = h
0
Hdg(Vˇσ) = h
2
Hdg(Vσ) by (i) and Serre duality
theorem. Moreover, h1Hdg(V ) = χ(V )−χ(V ⊗OX Ω
1
X/k)+ h
0(V )+ h0(Vˇ ) = χ(V )+
h0(V ) + h0(Vˇ ). Note that deg(V ) = 0 sine V is dened by the representation
of a nite group (see also [12, Chapter 1, Proposition 3.4℄). Then Riemann-Roh
theorem implies h1Hdg(V ) = h
1
Hdg(Vσ).
Remark 2.13. One also might think about a onverse of Question 1: Let X be
a smooth geometrially onneted projetive varitey over k = k¯ of harateristi
p > 0 and V be a Nori nite bundle on X . If hiHdg(V ) = h
i
Hdg((F
n
X)
∗V ) for all
i > 0 and n > 0, is V étale? If the Tannaka group sheme of V is loal, Mehta
and Subramanian [10, Setion 2℄ showed that (FnX)
∗V is a trivial bundle for some
n > 0. Hene, if V is not trivial, h0(V ) < h0((FmX )
∗V ) = rank(V ). Unfortunately,
the answer for the question above is negative in general. For a ounter example,
let X be a hyperellipti urve. Take an extension V of OX by it self suh that
the ohomology lass in Ext1OX (OX ,OX) ≃ H
1(X,OX) is α + β, where α, β 6= 0,
F ∗X(α) = 0 and F
∗
X(β) = β. Then V is Nori nite but its Tannaka group sheme is
neither étale nor loal (see [10, 4℄). We have h0(V ) = h0((Fn)∗V ) = 1 for all n > 0.
By the same argument as in Remark 2.12(ii) we obtain hiHdg(V ) = h
i
Hdg((F
n)∗V )
for all n > 0, i > 0.
3. Frobenius periodi vetor bundles
In this setion we always assume that k is an algebraially losed eld of har-
ateristi p > 0 and X is a geometrially onneted projetive variety over k with
a xed k-rational point x ∈ X(k). We denote by FX : X −→ X the Frobenius
morphism of X . In the proof of Proposition 2.7, the key point is if the assoiated
representation of the monodromy group is realizable over a nite eld then the or-
responding vetor bundle via Tannaka duality is Frobenius periodi. This notion is
dened bellow.
Denition 3.1. A vetor bundle V on X is alled Frobenius periodi if (FnX)
∗V ≃
V for some n > 0.
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Remark 3.2. (i) Following Lange-Stuhler [9, Satz 1.4℄, a Frobenius periodi vetor
bundle is étale trivializable. Thus V is étale Nori nite by Remark 2.2(i). Com-
bining this with Remark 2.2(i) and using [9, Satz 1.4℄ again, if k is the algebrai
losure of Fp then Frobenius periodiity is equivalent to being étale Nori nite.
(ii) There are examples of étale Nori nite vetor bundles whih are not Frobenius
periodi. Of ourse, to searh for suh examples one needs to assume the eld has
non-zero transendental degree over Fp. Laszlo's example in [1, Before Theorem
1.2℄ and Brenner-Kaid's example [2, Example 2.10℄ provide suh kind of vetor
bundles.
Using this remark we get an analog for vetor bundles of the main result of [1℄.
Corollary 3.3. Let V be a vetor bundle of rank r on X. Assume that V is
trivialized by an étale Galois overing pi : Y −→ X with deg(pi) prime to p. Then
V is Frobenius periodi.
Proof. V is étale Nori nite by Remark 3.2(i). Let G be the orresponding nite
étale group sheme and ρ : G(k)→ GLr the representation orresponding to V . By
Remark 2.2(ii), G(k) is a quotient of the struture group Γ of pi, thus p ∤ #G(k).
This implies the semi-simpliity of the ategory Repk(G(k)). Sine there are only
nitely many representations of rank r in Repk(G(k)), it is lear that (F
n) ◦ ρ ≃ ρ
for Fn some power of the Frobenius of k, or equivalently, (FnX)
∗V ≃ V . 
In the next, we will give a haraterization of Frobenius periodiity of vetor
bundles in terms of the rationality of the representations of the monodromy group.
We rst need a lemma in p-linear algebra.
Lemma 3.4. Let M = (λij)r×r ∈Mr×r(k). Let q ∈ N suh that p | q. Denote
Ω = {(x1, . . . , xr) ∈ k
r : (xq1, . . . , x
q
r) = (x1, . . . , xr)M}.
Then the ardinality
#Ω 6 qr and the equality ours if and only if M is invertible.
Proof. Let I be the ideal of k[X1, . . . , Xr] spanned byX
q
i −
∑r
j=1 λjiXj, i = 1, . . . , r
and let A = k[X1, . . . , Xr]/I. Then A is an Artin ring with k-basisX
α1
1 . . .X
αr
r , 0 ≤
α1, . . . , αr < q, thus of k-dimension q
r
. Moreover, one has Ω = Spec(A)(k). Thus
#Ω ≤ qr with equality preisely when A/k is étale as k is algebraially losed. Sine
Ω1A/k = (dX1, . . . , dXn)A/(
r∑
j=1
λjidXj : i = 1, . . . , r),
A/k is étale if and only if M is invertible. 
Proposition 3.5. Let X be a geometrially onneted projetive variety over k with
a xed k-rational point and V a vetor bundle of rank r on X. Then V is Frobenius
periodi if and only if V is étale Nori nite and the assoiated representation ρ :
G(k) −→ GLr(k) is realizable over Fp (hene, over a nite eld).
Proof. The suient ondition is lear. Conversely, assume V is Frobenius periodi,
then V is étale Nori nite by Remark 3.2(i). It remains to show that ρ is realizable
over Fp. Let n ∈ N suh that F
n ◦ ρ ≃ ρ, where F ∈ Aut(k) is the Frobenius.
By denition there is an invertible matrix M = (λij)r×r ∈ GLr(k) suh that
Fn ◦ ρ(g) = M−1ρ(g)M, ∀g ∈ G(k). We will show the existene of a base hange
matrix N = (xij)r×r suh that if one puts ρ1(g) = Nρ(g)N
−1
for all g ∈ G(k),
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then Fn ◦ ρ1 = ρ1. Obviously suh an ρ1 is realizable over Fpn . Denote q = p
n
and
Nn = (x
q
ij)r×r. From the equations of ρ and ρ1 we have
Nρ(g)N−1 = NnF
n ◦ ρ(g)N−1n = (NnM
−1)ρ(g)(NnM
−1)−1, g ∈ G(k).
Hene it is enough to show that the equation Nn = NM has an invertible solution
N . Equivalently, the set
Ω = {(x1, . . . , xr) ∈ k
r : (xq1, . . . , x
q
r) = (x1, . . . , xr)M}
generates the vetor spae kr. By Lemma 3.4, #Ω = qr. So it sues to show that
for any hyperplane H ∋ 0 in kr, #(Ω∩H) < qr. Without lost of generality, assume
the dening equation of H is xr =
∑r−1
i=1 λixi. Let (x1, . . . , xr) ∈ Ω ∩H . Then
(xq1, . . . , x
q
r) = (x1, . . . , xr)M,
xr =
r−1∑
i=1
λixi.
This implies that (xq1, . . . , x
q
r−1) = (x1, . . . , xr−1)M1, whereM1 = (λij+λi)r−1×r−1.
By Lemma 3.4 again, the number of solutions of this system of equations does not
exeed qr−1. Thus #(Ω ∩ H) < qr and Ω generates the vetor spae kr. We an
take a basis e1, . . . , er ∈ Ω to formulate the rows of N . 
Remark 3.6. The seond half of the proof of Proposition 3.5 is in fat another proof
of Lang-Steinberg theorem [16℄ for the general linear algebrai group GLr with the
ation of the Frobenius homomorphism. The proof above uses Lemma 3.4. As it is
elementary, we leave it for sake of ompleteness in this note.
In the rest of this setion, we will relate Frobenius periodi vetor bundles with
p-quotients of the fundamental group of X . Let Cét(X) be the ategory of all étale
Nori nite vetor bundles on X . This is a k-linear abelian rigid ategory whih is
by Tannaka duality equivalent to the representation ategory of a pronite group
sheme piét(X, x) (see [4℄). In fat, piét(X, x)(k) ≃ pi1(X, x) is the étale fundamental
group of X dened by Grothendiek. If V is Nori nite with a nite étale group
sheme G then G is a quotient of piét(X, x). We will say that a group (respetively,
a group sheme) has a p-quotient if it has a non-trivial quotient whih is a p-group
(respetively, a p-group sheme). The next proposition is in the same line with [7,
Theorem 1.10 and begining of 2℄.
Proposition 3.7. Let X be a geometrially onneted projetive variety over k with
a k-rational point x ∈ X(k). The following onditions are equivalent:
(i) The étale fundamental group sheme piét(X, x) has no p-quotients.
(ii) The étale fundamental group pi1(X, x) has no p-quotients.
(iii) The indued homomorphism F ∗X : H
1(X,OX)→ H
1(X,OX) is nilpotent, that
is, for eah α ∈ H1(X,OX), there is some n > 0 suh that (F
∗
X)
n(α) = 0.
(iv) Every Frobenius periodi vetor bundle whose monodromy group is a p-group
is trivial.
Proof. The equivalent of (i) and (ii) is lear.
Let F ∗X : H
1(X,OX) → H
1(X,OX) be the homomorphism indued from the
Frobenius morphism FX of X . Following [11, Page 143, Corollary℄, there is a
deomposition of k-vetor spaesH1(X,OX) = Hét⊕Hloc suh that F
∗
X is nilpotent
onHloc andHét has a basis e1, . . . , ed suh that F
∗
X(ei) = ei, i = 1, . . . , d. Obviously,
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F ∗X is not nilpotent if and only if Hét 6= 0. In that ase let 0 6= α ∈ Hét suh that
F ∗X(α) = α. Sine H
1(X,OX) ≃ Ext
1
OX
(OX ,OX), α is a ohomology lass of an
extension V of OX by itself and F
∗
XV ≃ V . By Remark 3.2(i), V is an étale Nori
nite vetor bundle. Denote the orresponding representation of the monodromy
group by ρ : G(k) −→ GL2(k). Note that V is a non-trivial extension of OX by
itself, there is a basis of k2 suh that
ρ(g) =
(
1 ag
0 1
)
for all g ∈ G(k), where ag ∈ k and ag 6= 0 for some g. This implies that Im(ρ)
is a p-group. Sine Im(ρ) is a quotient of pi1(X, x), this proves the impliation
(ii)⇒ (iii).
For (iii)⇒ (iv), assume V is a non-trivial Frobenius periodi vetor bundle suh
that the monodromy group is a p-group. Put r = rank(V ) and let ρ : G(k) −→
GLr(k) be the representation orresponding to V . By Proposition 3.5, ρ is realizable
over Fp, that is, there is a basis of k
r
suh that ρ(g) = (agij)r×r ∈ GLr(Fp), g ∈
G(k). Note that G(k) is a p-group, it is unipotent (see, for example, [15, Proposition
26℄), that is, we an hoose a basis suh that ρ(g)'s are upper-triangle matries with
1 on the diagonal. Then one an hoose a non-trivial representation ρ′ : G(k) −→
GL2(k) whih is a subquotient of ρ and whih is realizable over Fp. This ρ
′
denes
a vetor bundle V ′ whih is also Frobenius periodi by Proposition 3.5. Obviously
V ′ is an extension of OX by itself and if α ∈ H
1(X,OX) is its ohomology lass
then α 6= 0 and (F ∗X)
n(α) = α for some n > 0. This shows that F ∗X is not nilpotent
on H1(X,OX) and (iii)⇒ (iv).
Finally, if H is a non-trivial p-quotient of pi1(X, x) then it has a non-trivial
representation over Fp, for example, the regular representation. This representation
denes a vetor bundle V whih is Frobenius periodi by Proposition 3.5. This
ontradits to the ondition in (iv). Then (iv) implies (ii). 
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